Abstract: This talk (paper) gives a survey of recent results in the theory of Boyd-Wong-type contractions and its aim is to present a simple and unified treatment to this theory. In final part of paper, we present one recent fixed point result for Boyd-Wong-type contractions defined on symmetric spaces.
Introduction
Let X be a nonempty set and f : X → X arbitrary mapping. x ∈ X is a fixed point for f if x = f (x). If x 0 ∈ X, we say that a sequence (x n ) defined by x n = f n (x 0 ) is a sequence of Picard iterates of f at point x 0 or that (x n ) is the orbit of f at point x 0 .
The contraction mapping principle, formulated and proved in Ph. D. dissertation of S. Banach in 1920 which was published in 1922 is one of the most important theorems in classical functional analysis because it give:
1. the existence and uniqueness of fixed point, 2. method to obtain approximative fixed points, 3. error estimates for approximative fixed point obtained by 2.
There are many generalizations and partial generalizations (which consider only statements 1. and 2.) of the Banach principle. One of the most important is fixed point theorem of Boyd and Wong [3] (Nonlinear contraction principle). In this talk (paper) we applied Rus's [8] lemma to nonlinear contractions and so obtained one extension of Boyd -Wong's result.
There have been a number of generalizations of metric space. One of them is the notion of symmetric spaces introduced by M. [1] .
In final part of paper, we present one recent fixed point result for Boyd-Wong-type contractions defined on symmetric spaces. 
Nonlinear contractions
Let (X, d) be a metric space, x ∈ X and r > 0. By B(x, r) we denote
Now we need the following lemma.
Lemma 3.1 (I. Rus [8]) Let (X, d) be a complete metric space and f
) is a Cauchy sequences and its limit is fixed point of f .
In this section our main result is the following theorem.
then f has unique fixed point z ∈ X and all sequences of Picard iterates defined by f converges to z.
we get that
So we obtain that
for any x, y ∈ X, which implies that all sequences of Picard iterates defined by f are equiconvergent. Hence, for arbitrary x ∈ X and y = f (x) we obtain that sequences ( f n (x 0 )) and
By Lemma 3.1 we obtained that sequences of Picard iterates defined by f converges to some fixed point of f . Such fixed point must be unique because sequences of Picard iterates are equiconvergent. ♢ Theorem 3.1 generalize earlier results obtained by F. Browder [4] (it has assumption φ ∈ Φ d ), R. M. Bianchini and M. Grandolfi [2] φ ∈ Φ c ), D. W. Boyd, and J. S. W. Wong [3] (it has assumption φ ∈ Φ e ) and A. Zitarosa [9] (it has assumption φ ∈ Φ b ).
Convergence of Picard iterations
Hicks and Rhoades [5] proved that many known generalizations of the Banach principle were included in the following result (see also [7] ).
Theorem 4.1 (Hicks and Rhoades [5]) Let (X, d) be a metric space and f : X −→ X. If there exists real number
for every x ∈ X, then each sequence of Picard iterates defined by f is a Cauchy sequence.
Furthermore, if X is complete and if a mapping G(x) = d(x, f (x))
is lower semi-continuous at a limit point of { f n (x)}, say x * , then x * is a fixed point of f .
Proof of this Theorem can be easily selected from the proof of Banach's theorem.
In following Propositions we shall prove that in the statement of Theorem 1 condition 4.1 can not be replaced with
where Proof: Let X = [0, ∞) with usually metrics, f (x) = ln(1 + exp(x)) and φ(t) = ln(2 − exp(−t)).
Proposition 4.1 There exists complete metric space
We can see that f has no fixed point and its sequences of Picard iterates are divergent. ♢
Proposition 4.2 There exists bounded complete metric space (X, d), f : X −→ X and comparison function
φ ∈ Φ 0 ∩ Φ 1 ∩ Φ 2 ∩ Φ 3 ∩ Φ 4 ∩ Φ 5 ,
which satisfies condition (4.2), such that all sequences of Picard iterates defined by f are divergent.
Proof: Let (x n ) be arbitrary sequence, X = {x n } and
(X, d) is complete bounded metric space, because each ball which radius is less then 1 contains only a finite number elements of X. Inequality (4.2) are also satisfied, but all sequences of Picard iterates defined by f are divergent.
Nonlinear contractions on symmetric spaces
Let X be a non-empty set and d : Symmetric spaces differ from more convenient metric spaces in the absence of triangle inequality. Nevertheless, many notions can be defined similar to those in metric spaces. For instance, in symmetric space (X, d) limit point of a sequence (x n ) is defined by
Also, a sequence {x n } ⊆ X is said to be a Cauchy sequence, if for every given ε > 0, there exists a positive integer n 0 such that d(x m , x n ) < ε for all m, n n 0 . A symmetric space (X, d) is said to be complete if and only if each its Cauchy sequence converges to some x ∈ X.
Diameter of A ⊆ X is defined by
whereas the open ball with center x ∈ X and radius r > 0 is defined by
In the literature there are many conditions which can be used as a partial replacement for triangle inequality. Now we present some of them.
Definition 5.1 Let (X, d) be a symmetric space. We define the following properties:
Next statement gives the characterization of symmetric space which satisfies the property (JMS). Now, we present one recent fixed point result for Boyd-Wong-type contractions defined on symmetric spaces. This Theorem generalize earlier result obtained by J. Jachymski, J. Matkowski and T. Swiatkowski [6] for class of semi-metric spaces. 
